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SOME IDENTITIES OF g-BERNOULLI POLYNOMIALS UNDER 
SYMMETRY GROUP S 3 

DMITRY V. DOLGY, DAE SAN KIM, AND TAEKYUN KIM 


Abstract. In this paper, we give some new identities of Carlitz ^-Bernoulli 
polynomials under symmetry group S3 . The derivatives of identities are based 
on the q'-Volkenborn integral expression of the generating function for the 
Carlitz g-Bernoulli polynomials and the g-Volkenborn integral equations that 
can be expressed as the exponential generating functions for the g-power sums. 


1. Introduction 

Let p be a fixed prime number. Throughout this paper, Z p , Q p and C p will, 
respectively, denote the ring of p-adic integers, the field of p-adic rational numbers 
and the completion of algebraic closure of Q p . Let v p be the normalized exponential 
valuation of C p with \p\ p = p _l >b’) = A and let q be an indeterminate in C p with 

|1 — q\ p < p~~. The g-number of x is defined as [x] q = Let UD(Z p ) 

be the space of uniformly differentiable functions on Z p . For / G t/D(Z p ), the 
g-Volkenborn integral on Z p is defined by Kim to be 


\P 


X / (•'■) g' • (seed!). 


J Q x=0 


(1.1) IqU)= f f (x) dp q (x) = lim 

Jz p 

In (11.11) . we note that 

(1.2) g Iq (/ 1 ) - Iq (/) = ^/' (0) + (g - 1) / (0), 


logg' 


where fi (x) = f (x + 1). 
In general, one derives 


q n Iq (/„) - h (/) = E /' (0 J + (<? - !) X / (0 


1 =0 


(f- 3 ) logg ^ 

H 1=0 

where f n (x) = f (x + n), (n > 0), (see [lE], [l6, 27|). 

It is well known that the Bernoulli numbers are given by 

(1.4) B 0 = l, (B + l) n - B n = S hn , (see[Ji3) 

with the usual convention about replacing B n by B n . 

The Bernoulli polynomials are defined by 


(1.5) 


/=o 


Bn (ar) = (j Bixn ~ l > ( n ^ °). ( see 0 SOI) ■ 
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( 1 . 6 ) 


In 00, L. Carlitz considered a (/-analogue of Bernoulli numbers as follows : 

1 if n = 1, 


00,q = 1, q {qPq + 1)" - Pn,q = 


0 if n > 1, 


with the usual convention about replacing f3 l q by /3i tQ . 

He also defined (/-Bernoulli polynomials as follows : 

(1.7) 0 n , q (: x ) = jh Cf) q lx 0i, q [x ] n ~ l , (see 00). 

1=0 ' ' 


( 1 . 8 ) 

and 

(1.9) 


From (11.01) . Carlitz derived the following equation : 

1 


Pn,q — 


n ) (_i) ; 1 + 1 

(i-3)"^ ; [7 + 1], 


E 


Pn,q (%) — 


(1-q) V 
y 1=0 y 


n\ , .q Jx 1 + 1 


E (-DV 


+ i] c 


(see 0). 


Carlitz (/-Bernoulli numbers and polynomials are also given by g-Volkenborn 
integrals on Z p due to T. Kim ,13] : 


( 1 . 10 ) 

and 

( 1 . 11 ) 


E fin,q 


n =0 


L 




d^q (y) 




m=0 


E^( 


n—0 


X) — = 

n! 


L 


o\ x +V] a t 


d[i q (y) 


= E g m e [x+?n] *‘ (1 - q - q x+m t ) . 


m =0 

The purpose of this paper is to give some new identities of Carlitz (/-Bernoulli 
polynomials under symmetry group S3. The derivations of identities are based 
on the g-Volkenborn integral expression of the generating function for the Car¬ 
litz (/-Bernoulli polynomials and the (/-Volkenborn integrals equations that can be 
expressed as the exponential generating functions for the g-power sums. 

2. Some identities of Carlitz (/-Bernoulli polynomials 


By (HD, we easily get 

(2-1) /3 n , q (x + y) = J2 (j'j d lx Pi. q (y) [x], 

= E(/)^-° x ^(2/) K- 

1=0 ' ' 


in -1 
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On the other hand, Carlitz also introduced the expression of ^-Bernoulli polyno¬ 
mials (x) as follows : 


( 2 . 2 ) 

where 

(2.3) 

and 






(j + h) k 


b + ’ 

b + h ]q ,k = {j + h \q b + h ~ !]g ' • ‘ b + h - k + !]g > 


(2.4) (j + h) k = {j + h) (j + h — 1) • ■ • (j + h - k + 1), (see @, HI]) . 

T. Kim [l3j obtained the Witt-type formula for Bn'Ji "' 1 (x) as follows : 


(2-5) Pn,q k) 0*0=/ ■ f q^= l(h l)m [x + y 1 + ---+ y k } q dy q (yi) • • • dy q (y k ). 

J Z p J Zp 

If k = 1, then /3^ q ^ (x) will be simply denoted by /3n^q (x) so that 

(2.6) Bn,l(x)= [ q( h ~ 1)v [x + J/]” dfiq (jj) ■ 

J "L p 

The following simple facts will be used over and over again : 

(2.7) [a + b] q = [a] q + q a [b\ q . 

By (12.71) . we easily see that 

(2.8) [a + b + c] q = [a] q + q a [b) q + q a+b [c] q , 
and 

(2.9) [ab\ q = [a] q [b\ qa . 

First, we will consider the following triple integral which is obviously invariant 
under any permutations of w\, w 2 , w\ 3 - 

So the expression obtained from this after integration will also be invariant under 
any permutations of w\, w 2 , W 3 . This observation is simple enough but it is the 
philosophy that underlies this paper. 


( 2 . 10 ) 


I = 


J 


0 [w2W 3 X 1 +W 1 W3X2+W 1 W2X3+WlW2W 3 (y 1 +y2+y3)\„t 


x dy q ™ 2«3 (xi) dy q w 1 v>3 (x 2 ) dy(x 3 ). 

It is easy to show that 

(2.11) [w 2 w 3 xi + W 1 W 3 X 2 + W 1 W 2 X 3 + W 1 W 2 W 3 ( 1/1 + y 2 + y 3 )] q 

= [w 2 w 3 } q [xi + Wiyi ] qW2W3 + q w ^3(xi+w iyi ) [ WlW3 ] q [ X2 + w 2 y 2 ] qW1 , 

+ q ^W3(x 1+Wl y 1 )+w lW 3(x2+W2y2) [ WlW2 ] q [ X3 + Wsys]^ 


l w 2 ‘ 
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So the integrand is 


( 2 . 12 ) 


c lw2W3Xl+W 1 W3X2+WlW2X3+W 1 W2W3(yi+y2+y3)] q t 
=e [w2W3] q [xi + Wiy 1 ] q w 2 W3t e q W2W; > (xi+ ' W1V1 ^[w 1 W3] q [x2+'W2y2] q ii! 1 n,3t 

x e q W2W ^ Xl+n ’ iyi)+WlW3(X2 + W 2 V 2 ) l^l^2] q [x3+U,3y3} q ^2t 
n=0 k-\-l-\-m=n ^ ’ ' 

x 3 »i»2®3m ! /2 9 ™ 2 w3(i+m) J i [a?i + wiyi]q W2W3 q WlW3 ™ X2 

t n 

x [x 2 + W22/2] g-UJl m3 [a; 3 + w 3 y 3 ]™ 1 „ 2 —. 


Thus the integral in (12.101) is given by 


( 2 - 13 ) /= E E 


7i—0 ^ k+l-\-m=n 


, ; , [^2^3]" [™c ^ iW2W3(i+m)yi 

A;,/,ray h ^ 


X ?“ 1 '" 2 “ 3m!, 2 f q w,W3(l+m)xi [ Xl + Wl2/1 ]^ 2 „ 3 dji,«. 2 . 3 (®i) 
J Urn 


[X 2 + W2?/2]„»i»3 dUqwiws (x 2 ) 


X I [x 3 + in 3 y 3 ]q»!^ 2 (x 3 ) > — 


=E{ E 

71=0 L /c+/+m=7i ' / 


x [ioi^] 772 g™ 1 ™ 2 ™ 3 ^™)^ 1 ^™ 1 ™ 2 ™ 377 ^ 2 

x/3^+™+ 1} (unyi)^”^ (w 2 y 2 ) (w 3 y 3 ) j yyy- 


Thus, by (|2.13l) . we get the following theorem. 


Theorem 1. Let w 3 ,w 2 ,w 3 be any positive integers, n any nonnegative integer. 
Then the following expression is invariant under any permutation of w\, w 2 , w 3 so 
that it gives us six symmetries : 
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E ( k i J [wi^]' [WW2]™ q WlW2W3{l+m)vi 

k-\-l-\-m=n ' ’ ’ ' 

X q wmmv ^^l ] (w 2 y 2 )P m ^ (w 3 y 3 ) 


= E 

k-\-l-\-m=n 


k.l.m 


[W2W 3 t [ Wl W 2 r q ^ W3 (l+m) Vl 


x qVi^WpV+rn+l) {w2yi ) (™l2/ 2 ) Pm, q ^ (w 3 y 3 ) 


= E 


k,l, 


[w lW2 ] l q [w 2W3 r <f ™(*+™)yi 


k-\-l-\-m=n 

X /3£^+ 3 1) {w 2Vl )p[ m q +X (w 3 y 2 ) p m , q ^ 3 (w lV3 ) 

= E L "J [™] g fc [^ 1 ^ 2 ]^ 

fe+/+m=n ' ’ ’ x 

X ^ llU2 “ ,3my2 C-“3 1) (wiyi) A ( ,7 » + i»2 (w 3 y 2 )p m , q ^ 3 (w 2 y 3 ) 

= E (fc "J [«*«4 

fc+/+m=n ' ’ ’ ' 

x (wm) (w 2 y 3 ) 

= E ( fc "J [«;i«73]i 

fc+/+m=n ' ’ ’ ' 

X KyO/fr+E (w 2 y 2 )Pm, q ^ (wm) ■ 

We define, for nonnegative integers n,m,w,T ntTri (u>|g) as 


(2.14) 


Tn,m{w\q) = Y,r K 

i =0 


In particular, for w = 0, we have 


(2.15) 


T’n.m (0| q) = 


1, if m = 0 
0, if m > 0, 


and 


(2.16) 


T n , 0 M<?) = 


W + 1 


if n = 0 
if n > 0. 
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From (II.3D . we have 

(2.17) (g“ lW2 )“ 3 f (x) 

J Zp 

- [ e^ WlW2X ^i t diXqw-Lw-i (x) 

J Zp 

w 3 — l 

=t [w 1 w 2 ] q Y q 2w ' w * i el wiw2i ^ t 


2=0 


w 3 — l 


+ (q- 1) [wiw 2 ] q E q WlW2i e^ 1W2 ^ 
2=0 
OO 

= ^r 2!ro ( W 3-i|r” 2 )Mr +1 


t m+1 


m =0 


__ J-HL 

+ (q- i)Y T ^ Na - i\q wlW2 ) — r 

z —' * m! 


m —0 


Thus, we have the following lemma. 

Lemma 2. For wi,w 2 ,W 3 > 1, we have 

qWlW2W3 j e K- 2 (*+™ 3 )] 5 i d/v , iu)2 ( 3 .) _ f e [wiW2X Vdfi q ^ 2 (x) 

j Zp j Z r> 

[W 1 W 2 H 

m —0 


= E / (V™ [* + - Nr—) (N 

—n ' j 7Lr 


= E T 2,m Ns - l\q WlW2 ) [wiw 2 \ 


m —0 


j.m +1 
m +1 ^ 

ml 


+ (q- 1 ) E T b™ Ns - 1|9 W1W2 ) MY' 

z ' * m! 

m=0 

2^3 — 1 2^3 —1 

, E + {q - 1) [ W\W2] ( E' t w 12212 2 ^ [ 22 ; 1 W2 i\ a 1 

2—0 2=0 


=i [wiw 2 ] q Y q wlW2 ' l e [WlW2l ‘i +{q- 1) [tum*], ^ 
2=0 2=0 

Now, we consider the following difference of triple integrals. 


(2 18) I\ =q WlW2 ' W! > / g[t«2l«3*l+'U'l«'3Z2+tUlU'2*3+U’l«'2t«3(l/l+3/2 + l)] 9 * 

•/z? 


x d/j, q w 2 w 3 (xi) d/i g »i^ 3 (x 2 ) d/j, q w 1 w 2 (x 3 ) 


I, 


- / e 


[u)2U' 3 a;i+iuii«3a:2+ii)i!JJ2a:3+i«ii''2i«3(j/i+y2)]„t 


x d/i g »2»3 (xi)dfi q ^ 3 (x 2 )d/V'i ’"2 (* 3 ), 

which is obviously invariant under any permutations of Wi, W 2 , W 3 . 
We put 

(2.19) a = o(xi) = g «*«'3(*i-H»i»i) j = b = 
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Then, by (12.1811 . we get 


'“E fk+l r 

(2.20) h=Y^ [ w 2R’3 } q [wiw 3 } l q jyj J a 1 [xi + wiyi] k qW2U , 3 [x 2 + w 2 y 2 ] 


q w l™3 


k,l—0 


E 

< m —0 


Nrf (abt) m 


ml 


(q WlW2W3 [ar 3 + w 3 ]™ in , 2 - dy, q w 1W2 (x 3 ) j 


X d^LqW 2 “3 {Xl)dn q ^iw 3 (x 2 ) • 

From Lemma [2j the inner sum is 


( 2 . 21 ) 


E 

m=0 


[wiW2]” l+1 (afct) m+1 


T 2 ,m (‘ W 3 -I\q wiw2 ) 


ra=0 


“ [wursir (aM) m 

(9-i)E 1 («* - i|<r iuJ2 ). 

z ' 7 T? ' 


Thus, by (12.2011 and (12. 21 [1 . we get 

00 t 

(2.22) Ji = E [' w ‘2' w 3]q [wiw 3 ] l q [raiw 2 ] m+1 


k+l-\-m +1 


k,l,m =0 
X 


k\l\m\ 


-T 2 , m (w 3 - l\q WlW2 ) 


f a l+m+ 1 J a . i + TOiyi ]* 2 „ 3 dy q w 2 w 3 (xi) 

XZ P 

x / 6 m+1 [x 2 +W 22 / 2 ]Uiu, 3 d/V’ 1 ”’ 3 (x 2 ) 

J TLr. 


+ (e-i) E [W2» 3 ]J' Kw 3 ]|, [Wl» 2 ] 


4.fc+Z+n 


k,l,m =0 


ra+1 

« k\l\m\ 


x Ti, m (u> 3 - llg^ 1 ^ 2 ) f a l+m [xi + w\y\] k W2W3 dy q «> 2 » 3 (xi) 

x / b m [x 2 + w 2 y 2 ] l qW1W3 d^ 9 -i »3 (x 2 ). 

Jz p 

Recovering a = q w 2 w 3 (x 1 +w iyi ) and b = qWl w 3 {x 2 +w 2 y 2 ) ^ can j-, e rewritten 


as : 


(2.23) 


k ”m) [ WlW 4 

n—0 l, /c+/+m—n ^ ' 


J i=E E 

n —0 V /c+/+m- 

x T 2 m (w 3 — l|g ,Ul,i ' 2 ) g u 'i , " 2 iU 3 (i+"i+l)?/lg'U'li" 2 J« 3 (m+l)y 2 


X / ^“aO+m+lJx, [a;i + wm ] k dfJLq^ 3 (xr) 
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J q w 1W3 (m+l)x 2 [ X2 + W 2 y 2 ] l q w 1 w 3 dligv, i» 3 (x 2 ) 


t n+1 


n\ 


n 

k, l, m 


+ (<z-i)Za E 

n—0 v k-\-l-\-m=n ^ ’ ’ 

X [w 2 w 3 ] k [W1W3] 1 [w 1 w 2 ]™ +1 Ti, m (w 3 - l|g“ lW2 ) 


w „w 1 w 2 w 3 (l+m)yi w\w 2 w 3 my 2 

A ^ q 


J q w 2 w 3 (l+m)x 1 [ a . l + w iyi ] k qW2W3 dn q w 2W3 (£ 1 ) 


q w 1 w 3 mx 2 lp 2 + toaj/a]* 1TO3 dUqww (x 2 ) ' - 


nl 


=E E 


(Z+m+2) 




(«hyi) 


n—0 v /c+/+m—n 

X (w 2 y 2 )T 2>m (W 3 - ll^’ 1 - 2 ) ^^-".(l+rrH-Dvi 

t n+i 

J<? i TT 


x ^ lW2 ^(-+l) y2 [ W2W3 ]fe [ WlU , 3 ]' [ WlU , 2 ]" 1+1 | 


(;+m+l) 


k,l,m)^ W2W3 


(wiVi) 


+(«-»E E 

n—0 L /c+/+m—n 

X A^i -3 Ti >m («, 3 - l^ 2 ) 

■v 4-n 

Xq n, lW2W3 (l+m) VlqWlW2W3 m V2 [ WlU , 2 ]™ +1 | —. 

Separating the term corresponding to n = 0 from the second term and after 
rearranging, we get : 

(2.24) h = (q - 1) [w lW2 w 3 ] q + jr | J2 {klm 

n— 1 v /c+/+m=n—1 ' ’ ’ 

x ^+ 2) (wm) /3fr + 1 i ) 3 (^ 22 / 2 ) r 2 . m (W 3 - 11^ 11 " 2 ) 

x g u> l ^t 0 3(I+rr.+l)wi g t U i^i«3(T n +l) M , [u, 2W3 ]J [ WlW3 ] l q [w lW2 }™ +1 


+ ("- 1 > E ^,J«5SW 

/c+/+m=n x 7 

X AS-a (w) Ti, ro («, 3 - l^ 2 ) 

V r .w 1 u> 2 w 3 (l+m)yi w 1 ui 2 w 3 my 2 
x <1 <1 

'i t n 

X [w 2 w 3 ]g [wiw 3 ]' [wiw 2 ]” +1 / ^T- 

As this expression is invariant under any permutations in w \, w 2 , w 3 , we get the 
following theorem. 
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Theorem 3. Let wi,W 2 ,W 3 £ Z with w 1 > 1, W 2 > 1, W 3 > 1. Then, for any 
positive integer n, the following expressions 

n o(i+m+2) / \ 


E 

/c+Z+m=n—1 ^ ’ ’ 


k,l,mr k ^ 2)W ^ 3) 


X K(2)2/ 2 ) T 2 , m (^(3) - 

V ^1^2W 3 (Z+m+l)^i WiW2^3(^+l)y2 

X [tO<,(a)«I,(S)]‘ K( 1 )I 0 ,( 3 )]‘ [«I»( 1 )«>»( 2)]” +1 


0-1) E 


fc+Z+m=n 


71 1 Ml+m+l) / \ 


x K<2)») a,™K<3) - 11 , 


l,q "<■ !) "(3) 


x qWlW 2 W 3 (l + m)y lqWlW „y 2 [ Wa(2)W ^ [w a{ 1 ) W a( 3 ) Y q [w a{ 1 ) W a(2) ] 
are the same for any cr £ S 3 . 


ra+1 

Q 


Remark. We can get interesting identities by letting W 3 = 1 or by letting u > 2 = 
W 3 = 1, in view of (12.1511 . However, writing those down requires much space. So 
we omit it. 

With the same a = & = q w lW 3 (x 2 +w 2V2 ) as in (j^Tsp . can be 

rewritten as 

_ / e [u)2l«3] 3 [zi+i«iyi] 9 m2“3 t e [l 1 'l u '3] 9 [z2+^2y2] 5 »12 1 >3 (“*) 


(2.25) Jr = f 
Jz 


izr, ^ 


qW 1 w 2 w 3e [wiW 2 (x 3 +w 3 )\ q {abt) _ e [wiw 2 x 3 \ a (abt) 


« (oW) ) d*V»i« a (S3) | 


x dp q ^ 2 v, 3 (xi) dn q w 3 w 3 (x 2 ) ■ 

From Lemma [2] and (12.2511 , we note that the inner integral is equal to 

w 3 —1 

(2.26) abt [wiw 2 ] q y q 2 


n 2 wi W 2 i g [ 1 ^ 1 w 2 i] q abt 


i =0 


W 3 — I 


+ (</-!) [tiliffij], qWl w 2 i e [w xW 2i] q abt_ 


2=0 


Thus, by (|2.25f) and (|2.26|) , we get 

tu 3 —1 

(2.27) 


Jr =t [uiiu; 2 ] V g 2 ™ 1 ™ 21 / abe [™a™3],[* 1 +™ 1 » 1 ] l «. 2 - 3 * 

l=o ^ 

[lD11«3], fz2+«123/2 + ^|il / s , / 

xe L 3 j, 1 3 clp q ™ 2 ™ 3 (xr) a/r g “i » 3 (x 2 

U13— 1 /• 

+ (? - 1 ) [u)iu> 2 ] y 9 u,i, ° ai / 

Jzi 


i=0 


[lOltos], [z2+«i2!/2 + Sf-i] at , . . , , 

xe L 3 j 9 1 3 dp q w 2 w 3 (xr )dpqwtws (x 2 ) 
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w 3 — l 


i =0 


k,l —0 


=t[wiw 2 ] q < ? WXW * i E [w 2 W 3 ] q 


x [ w i w 3] l q j q W2W ^ l+1 '> X1 [xi + wiyi\ k qW2W3 dy q ™ m (zi) 


/ qWlWzX2 

W 2 . 

^2 + w 2 y 2 d- 1 

lz p 

w 3 


dn q wiw 3 (X 2 ) 


J q w i w 3 


W 3~ 1 00 .k+l 

+ (q-l)[wrw 2 ] q 9 W1W21 E W^ 1 " 2 " 3 ' 91 I'™] 


i =0 


k,l —0 


X [wiw 3 ] l q J q W2W3lx 1 [a;! + Wi 2 /i]^ 2 „ 3 d^ q w 2 w 3 (xi) 


w 2 . 

x 2 + w 2 ?/2 H- 1 

w 3 


d/jLgW i«3 (x 2 ) 


J ^1 W 3 


00 ( n 


n —0 V k —0 


= E E JCA (™ m ) g ”’ lW3W »("- fc+1 )«' 1 


X g™ 11 ™ 2 K^ 2 ] [to] 


X [WiW 3 \ 


w 3-1 

i — fc \ ' 2 w^w 2 i o( 2 ) 


E 

i=0 


102 . 


0n—k,q w i w 3 ( ^ 22/2 + — 1 


* n+1 


00 ( n ✓ \ 

+ (9 - 0 E1E ( wi ^) 

n—0 Lfe=0 ' ' 

X [twiiy 2 ]o [W2W3]! [whu^E 


w 3 j ni 


,w\W2W3(n—k)y\ 


W 3 — I 


x E d WlW 2 i Pn-k, q ™ i«3 ( TO + 1 f 


i—0 


w 3 J n\ 


Separating the term corresponding to n = 0 from the second sum and after 
rearranging, we obtain 

oo ( n— 1 / 

' n — 1 
k 


h={q- 1) K» 2 w 3 ], + E \ n E 

n =1 l k —0 


(w iyi ) q w ^ 2 ^{n-k) yi 

W3 — 1 

X q WlW2W3V2 [ Wl w 2 ] q [w 2 w 3 ] q [wiw 3 ] q ~ 1 ~ k <? WlW2i 

i =0 

x$h-k, q ^> + +(«- 1)E Q/C»-3 1} (TO^” 3 ^ 1 


1«3 —1 


X [witw 2 ] g [vj 2 w 3 ] q [W!W 3 ] q k E Q WlW2t @n—k,q w i w 3 ( ^ 22/2 + — * 


i=0 


w 3 / n: 


As this expression is invariant under any permutations in w\, w 2 , w 3 , we have 
the following results. 
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Theorem 4. Let w\,W 2 ,w 3 £ Z with w 1 > 1, W 2 > 1, W 3 > 1. Then, for any 
positive integer n, the following expressions 

n \ / 


x q w lW2W3 „ 2 [ Wa{1)Wa(2) ] q [w a{2) W a{3) ] q K(1)W ct( 3)] 9 


n—l—k 


W *( 3)- 

x E <r 

i =0 


,2^(1) •^ C t(2)*/q( 2 ) 


zqVAJ I 1 ^ cr (2) • 


+ (9-1)E Kd)yi) 

fc =0 ' ' 


x [w ct(1 )RV( 2 )] 9 K( 2 )W ct (3)] ? [UV(1)UV(3)] 

^cr(3)-l 
X 

2=0 

are all the same for any a € S 3 . 


2 — k 


*<?( 3) -1 ✓ \ 

E 9^ (1)UV(2)i /3n- fe ,g^a)^(3) ( ^(2)2/2 + 

i=n V W<T ( 3 ) / 


Remark. Using (12.141) and by specializing 1113 = 1 or W 2 = W 3 = 1, we can obtain 
many interesting identities. However, as this requires much space, we will omit 
those. 
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